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1. Introduction 

In Witten's Open String Field Theory Q , the information about open strings interaction is 
encoded in an associative but noncommutative multiplication between Open String Fields. 
This multiplication is the Witten's star product and defines an algebra. The main problem 
in Witten's Open SFT is that we don't know how to solve the equation of motion. Rastelli, 
Sen and Zwiebach 35] proposed a new formulation of SFT, conjectured to be the SFT 
written at the "true" vacuum, the minimum of the tachyon potential. This formulation is 
know as Vacuum String Field Theory. The advantage of this theory is that we are able 
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to find exact solutions: D-branes are seen to correspond to open string fields that are 



projectors of the star algebra [|^, 35|. This happens because the Witten's kinetic operator 
which contains both matter and ghost operators, is replaced by a purely ghost one and 
this simplifies the equation of motion, which for the matter sector becomes just a projector 
condition 

^r*^r = ^ (1.1) 

under the Witten's star product. For this reason, star projectors are important in VSFT. 
There are several of such states that were found: the identity string field, the "Sliver" and 
the family of so called "Butterflies" ||3^ . They can be described in a conformal formalism 
as Riemann surface whose boundary consists of a parametrized open string and a piece with 
boundary conditions. Such states are called surface states and are defined by a conformal 
map, the configuration of the open string. In oscillator formalism, using creation and 
annihilation operators of the BCFT, these states have a squeezed form involving infinite 
dimensional matrices. The Sliver, for instance, has the form 



|H) =exp j f; {S)^,^alai 1 |0) . (1.2) 

where 5 is a matrix which can be expressed in terms of the Neumann coefficients of the 
interaction vertex of SFT ||^, ^, |3^, |^]or as residues of poles using the corresponding 
conformal map. In |^5| Rastelli, Sen and Zwiebach derived the Sliver in an algebraic way 
using the oscillator representation and showed numerically that this solution is the same 
found with the conformal formalism and representing the D25 brane. Okuda proved it 



analitically in |12|. 



There are two big families of surface states studied in SFT, the so called "Wedge" states 
and the Butterflies. For Wedge states, the Riemann surface is an angular sector of the unit 
disk, with the left-half and the right-half of the open string being the two radial segments 
and the arc having open string boundary condition. Such state is thus defined by the 
angle at the midpoint of the string and this angle adds under star moltiplication since star 
product between two string fields can be seen as the joining of the right-half part of the 
first string with the left-half part of the second one. In this picture, the Identity state and 
the Sliver, which belong to wedge states, can be interpreted respectevely as the zero and 
the infinity angle wedge state. Indeed, they are the only projectors among wedge states: 
the sum of two zero or two infinities angle is still a zero or an infinite angle. Wedge states 
form an abelian subalgebra of star algebra. Butterflies, on the other hand, are all star 
projectors. They are singular configuration in which the midpoint of the open string is 
sent to infinity. We will see they depends on a real paramenter a. They share only one 
state with the wedges: the Sliver belongs also to Butterflies. The Sliver can be seen at the 
same time as the Nth wedge with N going to infinity or as the ath butterflies with a going 
to zero. 

The first aim of this paper is to investigate the star algebra and to recognise in those 
projectors like Butterflies which were not found with algebraic oscillator formalism, a com- 
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mon structure with the Wedges, studying the crucial difference which makes them pro- 
jectors. This is done in order to look for new tools to do calculations in the algebraic 
operatorial formalism and to guess which could be the form of a good basis on which 
expand and hopefully solve the equation of motion of the Witten's SFT. 

For this reason we derive an oscillator representation for Butterflies and we show that 
both Wedges and Butterflies States can be rewritten in a General squeezed state form 

\Gu) = ^ ^,e-hCGaU^^^^ (1,3) 

{det{l + TU)f'^ 

where 

depends on a matrix U . The interesting point is that if we choose matrix U to be 
powers of the Sliver S matrix we obtain the family of Butterflies, on the other hand, if 
we choose to be powers of its twisted version T, we get Wedge states, which are not all 
projectors. In other words, such state interpolates between Wedges and Butterflies. In 
particular we have: 

• [/ = corresponds to the Sliver state 

• U = 1 corresponds to the Identity state 

• U = C corresponds to the Nothing state 

• U = —S corresponds to the Butterfly state 

• U = {—T)^~^ corresponds to the Nth Wedge state 

• U = (— S)^^^ {N even) corresponds to the a = Generalized Butterfly state 

The second aim is to suggest a formal way to obtain such General state using a suitable 
resummation of states that we call "Laguerre" states which are a modification of "Ances- 
tors" solutions found in These latter are an infinite class of projectors defined acting 
with a Laguerre polynomial expression of string creation operators on the Sliver, whose 
low-energy limit give rise to GMS solitons. For this reason they were called "Ancestors" . In 
the final part, we will point out that partial isometry symmetry of VSFT seems to suggest 
that Ancestors solutions behave like a complete basis, maybe for a star subalgebra. 

The paper is organized as follows. In section 2 we review definitions of surface states 
following p3] . In section 3 we derive an oscillator representation for the Butterflies starting 



from the Moyal wave- functional one given in [37|, which we will recognise in section 4 in 
our interpolating state. In section 4, we write the General Squeezed State showing various 
choices for matrix U that give rise to various string fields. For our calculations, we will use 
the diagonal basis used in |37|, which consists of eigenvectors of the operator Kf, instead 
of the usual Ki = Li + L_i and allows us to rewrite Sliver and twist matrices as two 
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dimensional matrices. This turns out to be very useful for Butterflies representation. 

In section 5 we define Laguerre states and a function of them that we will identify with 

the General Squeezed state written in section 4. 

2. A short review of surface states and star projectors 

In this section we brifly review the definition of surface states through the conformal maps 
which define them and we will recall the oscillator representation of each of them, which 
has the form of a squeezed state. We mainly refer to |3^. These surface states are Riemann 
surfaces whose boundary consists of a parametrized open string and a piece with open string 
boundary conditions. Thinking of a surface state as a string field, it is possible to define a 
geometric operation which corresponds to star product in SFT: one glues the right-half of 
the open string in the first surface to the left-half of the open string in the second surface, 
and the surface state corresponding to the glued surface is the desired product. Usually, 
multiplication of a surface state to itself leads to a surface state that looks different from 
the initial state. This is the reason why it is not trivial to find projectors. Let us define 
the thing more precisely. 

A surface state (S is a state related with a Riemann surface S with the topology of 
a disk D, with a marked point P, the puncture, lying on the boundary of D, and a local 
coordinate around it. Local coordinate at a puncture is obtained from an analytic map m 
taking a canonical half-disk Hjj defined as 



into D, where ^ = maps to the puncture P, and the image of the real segment {|^| < 
1, = 0} lies on the boundary of D. The coordinate ^ of the half disk is called the local 
coordinate. Using any global coordinate u on the disk D, the map m can be described by 
some analytic function /: 



Given a BCFT with state space H, the state ($]| E H* associated to the surface S is defined 
as follows. For any local operator with associated state i;^) = limg_^o '^^ set 



where ( )/) is the correlation function on D and s o 0(0) is the transform of the operator 
by the map /(^). The gluing of surfaces, conformal analog of star product of string field 
states, requires a well defined full map of the half disk Hjj into the disk D. 

2.1 Operator representation of surface states 

Let us see the representation of surface states in terms of Virasoro operators acting on the 
SL(2,R) invariant vacuum. 

We can write the surface state (S| as 



//f;:{|^|<l,Im(O>0} 




u = f{0, u{P) = f{0) 



(2.2) 



(2.3) 




(2.4) 
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( f) 

where the coefficients Vn are determined by the condition that the vector field 

oo 
n=2 

exponentiates to /, 

exp{v{OPi^)^ = f{0. (2.6) 
We now consider the one-parameter family of maps 

MO = ew{Pv{0^)^. (2.7) 

This gives 

^fp{0 = v{UO)- (2.8) 
Solution, taking into account the boundary condition //3=o(0 = ^! gives: 

ff3iO=9'\P + 9m, (2.9) 

where 



'iO = Jtt ■ (2.10) 



Thus 

f{0=9-'a+9{0)- (2.11) 
Equations ( |2.10| ) and ( 2.11| ) give /(^) if f (^) is known. 

2.2 Oscillator representation of surface states 



We consider the matter part of the state and the oscillators will be associated to free scalar 
fields 
have: 



fields of the Boundary CFT. If am, Om denote the annihilation and creation operators we 



|E) = exp j -i f; alvi^ai j |0) . (2.12) 

\ m,n=l j 



and 



(_l)m+n+l rdw r dz 1 nz)f'{w) 

Jo 27ri Jo 27ri zV {f{z) - f{w)Y ' ^ ' 

Both w and z integration contours are circles around the origin, inside the unit circle 
and with the w contour outside the z contour. 

The crucial point is that when the vector field f (^), generating the conformal map f{^), 
is known we can put the integral expression for the matrix of Neumann coefficients in 
another form. We consider the matrix V{I3) associated to the family of maps ( |2.7D , and 
rewrite ( p. 13 ) as 

VmniP) ^ Vt = izil^ i^i^ ^#7^ l°g(//^(^) - fM) ■ (2-14) 

Jmn /n 27r2 L. Ztxi z^w^ oz ow 
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Taking a derivative with respect to the parameter /?, 



At/ _ (-ir+"+^ jdw X dz 1 d d ( v{fp{z))-v{fp{w)) \ 
^P^mnW)- ^ l27ril27ri z"^w^dzdw\ fp{z)-fp{w) )' ^ ' 

Integrating by parts in z and w. 

Neumann coefficients VmniP = 1) can be calculated integrating over /3. 

There are two big families of surface states studied in SFT: the Wedge states and the 
Butterffies. 

2.3 Wedge states 

The identity string field state and the so called Sliver, the state obtained star-multiplying an 
infinite number of vacuum, are particular wedge states. In this case, the Riemann surface 
is an angular sector of the unit disk, with the left-half and the right-half of the open string 
being the two radial segments, and the unit radius arc having the open string boundary 
conditions. A wedge state is thus defined by the angle at the open string midpoint, and the 
star moltiplication between two wedge states gives rise to the wedge state which corresponds 
to the sum of the angles of the states. The identity string field is the wedge state of zero 
angle, and the sliver is the wedge state of infinite angle. 
They are defined by the map 

that sends the upper half-disk Hu into a wedge with the angle at Wn = equal to 27r/n. 



The transformation ( 2.17 ) can be rewritten as 

.4 



n 



Wn = exp i- tan"^(^) (2.18) 



We define {7n such that 



{7N\cl>)^{fnOm)Do (2.19) 



The state that we obtain for = 1 is the identity state, that in the coordinates is 
the full unit disk Dq with a cut on the negative real axis. The left-half and the right-half 
of the string coincides along this cut. The n ^ oo limit is the Sliver. It is an infinitely thin 
sliver of the disk Dq around the positive real axis. 

We describe now \7n) taking back the wedge on the upper half plane. We define 

Zn = h'^ (wn) = i]—^ = tan (- Unwn] (2.20) 
l + Wn V 2 / 
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Putting and (^l20|) we have 



Zn = tan ( tan ^(^) ) = /„,(^) 



(2.21) 



and 



l(SN\4>) = CfnOm)Dn (2.22) 



The description of the Shver as the — > oo wedge looking at ( |2.19| ) and ( 2.22| )seems 



to be singular, in the sense that the maps fNiO fN{C) are singular in the N ^ oo 
limit. This apparent singular behaviour is solved by noticing the SL(2,]R) invariance of the 
correlation functions on the upper half plane. Given any SL(2,]R) map R{z) we have the 
relation 

(H &ii^^))D„ = (H ^ ° 0i{x.))D, (2.23) 
i i 

for any set of operators 0j and with Dh denoting the upper half plane. Since the 
sliver |H) is defined through a correlation function, we can set 

Rn{z) = -z (2.24) 

so that 



{m = {fo^{0))n, (2.25) 

where 

/(O = lim Rn o /^(O = lim ^ tan ta.n-\o) = tan"! ^ (2.26) 
Under the map 

= M'"'' (2.27) 

the unit disk in the WTv-coordinates is mapped to a cone in the coordinate, 
subtending an angle N-n at the origin = 0. The disk Dq mapped in this way represents 
then a wedge ITat. We can give now the prescription for the * product. Les us consider 
directly wedge states and remove the local coordinate patch from the disk in the wj^ 
coordinate: the left over region becomes a sector of angle 7r(^IV — 1). If we denote by 
a sector state arising from a sector of angle a, we have the identification of sector states 
with wedge states 



iTiv) = \Ol^iN-i)) (2.28) 

The operation of * multiplication of two wedge states \7m) * \7n) is then given by 
gluing together the two sector states |3ijr(Af-i)) and \^Tr{N-i)) identifying the left-hand 
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side of the string front of |Tm) with the right-hand side of the string front of T„). With 
this prescription we obtain the rule 



\Jla) * \%) = \^a+b) 



(2.29) 



that means 



\Tm) * \7n) = \Tm+n-i) 
The shver state (A^ — > oo) is a projector under the * product: 



(2.30) 



(2.31) 



Let us give the operator representation of wedge states. We consider U = U{fn) 
depending only on matter Virasoro generators L„ and ghost fields h and c such that 
(n| = (0|C/. Since a primary field of conformal weight d transforms under finite conformal 
transformation / as 



we can write 



with 



{f'{z))U{f{z)) = UfC^{z)Uj' 



Uf = exp[fo-^^o] exp 



n>l 



(2.32) 



(2.33) 



(2.34) 



The coefficients Vn can be determined recursively from the Taylor expansion of /, by 
requiring 



e'^o = /'(O)exp 



n>l 



Vr,Z 



n+lQ 



(/'(O))- V(^) = z + a2Z^ + a^z" + ... (2.35) 



For instance, for the first coefficients one finds 



f 1 = 02 , V2 = -al + as , V3 = - ^0203 + 04 



(2.36) 



One can determine eqs.( p.35 ) in the following way. Using the commutation relation 



[Lm, 4>n] = {{d - l)m - n)(l)m+n 



(2.37) 



we have 



Uf4>{z)Uy^ = exp[v{z)d, + dv'{z)](t>{z) 



(2.38) 
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where the function v{z) is such that 



z = f{z) 



(2.39) 



Choosing fN{z) = tan (-^ tan ^{z)) to define the wedge states ITat), we have 



ITat) = exp 



3iV2 



+ 



-L 



1890Af6 



Among them, it is possible to recognise, for particular value of A^: 
the Identity State {N = 1) (see 



i-6 + 



•• |o) 

(2.40) 



|/) = exp 



|0> 



(2.41) 



and the Sliver State {N — > oo): 



1=) = exp 



1 1 11 

— iv_2 H L—A — J^—fi + 

3 30 1890 



|0) 



(2.42) 



2.3.1 Oscillator representation of wedge states 



The oscillator representation of the Sliver as given in 1 25 



IS 



■) = exp [ -i f; (Cr)_ alai j |0) . (2.43) 

\ m,n=l I 



where the T matrix was found algebraically and written as 

1 



7^ = ^(1 + ^ - v/(l + 3X)(l-A)) . (2.44) 

in terms of the infinite dimensional matrix X = CV^^ which is known: V re the Neu- 
mann coefficients and C = {—l)^6mn- Matrix elements of S match with those calculated 
in the conformal way 



^-l)»^+n+l rdw fdz 1 f{z)f{w) 

« %2m%2mzVif{z)-f{w))^- ^ 



with f{z) = tan ^z. 

Similarly, for the Identity state we have 



1^) =exp f; (C)„„at,at |0). (2.46) 

\ m,n=l j 

As we already said, the previous state are particular cases of the Nth Wedge state 
which is 
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\7N)m = exp j f; (CTn)^^ alai j |0) . (2.47) 



where T/v is the matrix 

= ^ ^ (2-48) 

1 - (-T)^ 

This relation between the Nth wedge matrix and the twisted shver matrix T will be 
useful in the following. 

2.4 The Butterfly State 

The Butterfly and the Nothing state are particular Butterflies [^]. We already said that 
Generalized Butterfly depends on a parameter a in a way we will see later on. The Butterfly, 
the first of the family to be found, is simply the a = 1 case, while the so called Nothing 
state corresponds to q = 2. 

The butterfly state is defined by a map from ^ to the upper half z plane 

^ -m), (2.49) 



more precisely the surface state |S) that defines the butterfly is such: 

(S|(/>) = (/so0(O))t/iyp. (2.50) 

In the i^-plane we have the half-disk: the circumference is the string, the point £, = i 
the midpoint. 

In the z-coordinate, the open string |^| = 1,9(^) > is mapped to the hyperbola 
— = ^ with z = X + iy. The fact that z{^ = i) = oo means that the open string 
midpoint coincides with the boundary of the disk. If we define 

z = sin-^ , ^ (2.51) 

and 

2iz 2isin--^—^ 



w = e''' = e (2.52) 

The Riemann surface associated to the Butterfly is the following: the half-disk of the 
^-plane is mapped to the right-half of the disk in the it;-plane. The midpoint is sent to the 
center of the disk and the open string is the vertical diameter. All the rest of the upper half 
plane is mapped to the left-half of the disk with a cut along the negative real axis, which 
represents that fact that the midpoint touchs the boundary. (See figure 1, with a = 1.) 
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2.4.1 Operator representation of the butterfly state 

We can represent the butterfly \'Bt) in the operator formahsm. We will use the "reguleted" 
butterfly |!Bt) defined by the map 

. = /.(e) = ^^ = exp(.,(0|)e. (2.53) 



The regulator parameter t must therefore satisfy t < 1. (See [38| for details). We 
recover the butterfly when t = 1. 



Eqs. (|2l3), (|I^) give 

vt{£,) = -t'e/'2. (2.54) 



Eq. (P^ , (|2i3[) now gives: 



=exp(^-^L_2) |0). (2.55) 
2.4.2 Oscillator representation of the butterfly state 

Let us represent the matter part of the regulated butterfly state in the oscillator represen- 
tation. Take /3 = t^, 

<i) = -— : f0i.O = , ^ ■ (2-56) 

Eq. ( |2.16| ) gives 



mn 



where 



r ml 



, dw ffl(w) , ^, m-i r[-,, I „ , , , , 

Xm= <h = (-/? ~ r- r Vin form odd, (2.58 







= for m even . (2.59) 

Integrating (??) with the initial condition y(/3 = 0) = 0, we find the Neumann coeffi- 
cients of the regulated butterffy (/3 ^ i^): 



Kfjt) = -(-l)"^ ^,,r?Sj|iif4l] formandnodd, (2.60) 



^mni^) = ) for m or n even . (2-61) 
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2.5 The Nothing State 

The nothing state is defined by the map: 



MO = (2.62) 



Vmn computed using ( 2.13| ), ( |2.62| ) turns out to be equal to 6mn- Thus the osciUator 



representation of the matter part of the nothing state is given by: 

|3^)=exp j-i f; atat I |0) • (2.63) 

\ m,n=l j 

2.6 Generalized butterflies 

The generahzed butterfiy state l'Bg(a)) is defined through a generahzation of eq. ( |2.4g| ) to 

1 



z = - sin(a tan"^ = . (2.64) 
a 



Note that the case a = 1: 



/S, = ^. (2.05) 



SO |'Bg(Q! = 1)) is nothing but the butterfly while for a = we have : 

/So = tan-ie. (2.66) 

so \^g[Q. = 0)) is the sliver. 

\lig{pL)) is a family of projectors, interpolating between the butterfly and the sliver. For 
a = 2 we have the map 

which corresponds to the 'nothing' state. 

We can regularize the singularity at the midpoint and define the regularized butterfiy 
by generalizing ?? to 

z = h m = L^^t^^l^L= . (2.68) 
" a Vl + i'tan2(atan-iO 

In the z plane we get 

(S3(a,t)|0) = (/Wo0(O))e.,, (2.69) 

where Ca,t is the image of the upper half z plane in the z coordinate system and f^^^ (^) = 
tan~^ ^. 

For a = 2 the region of Coi,t collapses to nothing. For this reason the associated surface 
state is called the "Nothing" state. 
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Figure 1: The image of 'Bg{a) in the complex w 



plane. The shaded region denotes the 



local coordinate patch. The vertical diameter is the open string and the center of the disk is the 
midpoint which is sent to infinity. All the rest of HUP is mapped in the white region. 

3. Oscillator representation of Butterflies 

In this section 



We will derive it from the Moyal coordinate wave- function representation due |2£, 30 
|3^ . Let us make first of all, an example with the sliver state. It is very easy to obtain the 
gaussian form of the Sliver in the x{k),y{k) Moyal coordinate: 



^s{x{k),y{k)) = {x{k),y{k)\E) = 2e- 
we must take the braket between the sliver state in diagonal form 

and the Moyal coordinate squeezed state (the same for y{k)) 

{x{k)\ = {0\exp (e^ + iV2ex{k) - l/2x^(k)\ 
In order to do this, we use the formula 



I exp ^ ' + ^ - cxp ( ^ ' ^'^'^ + IJ- ■ |0) 



det(l -PQ)" 



(3.1) 



(3.2) 



(3.3) 



(3.4) 
(3.5) 



exp • (1 - PQ)-' - PQy' • M - • P(l - PQ)-' ■ a) , 



with 



A = iV2x{k) , P = 1 , /X = , Q = s{k) 



(3.6) 
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Now, if we would like to do the opposite, starting from the Moyal function representa- 
tion and get the oscillator one, we should start from the coefficient p of x{k) (or y{k), for 
the sliver is the same) and, after some algebra, obtain the coefficient Q from 

P (3.7) 



1 + Q 2 



In our case 



then 



p = -- (3.8) 
e{K) = 2tanh(^) , (3.9) 



Q = ^ = s{k) (3.10) 



which is the well-known coefficient of the diagonal form of the sliver [^] . 



Starting from the Moyal function form of the butterfly, |37], the same game leads to 

Qx 1 



Qy 1 
l + Qy 2 



Px (3.11) 

Py (3.12) 



with 



thus 



12 , , 



fl2 _ 4 2s 

= 0, = ^pT—; = r—^ (3.14) 



6*2 + 4 1 + s2 



and we obtain 



\B) =MBe |0) (3.15) 

which satisfies the fact simple Butterfly is twist odd. 

Moyal wave functions in this diagonal coordinate space = (x^jI/k) are proportional 
to the Gaussian 

exp ^-^ y X^L^X^dK^ . (3.16) 



The generalized butterfly \Bg) in this representation is [37| 



r / tanh C^^^^ "^ ) 

i« = coth(-j(^ coth(^)' 
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The sliver is limit a ^ 



Lk = coth I — 



1 
1 



2/10 
1 



(3.18) 



We want to derive the diagonal oscillator form for the generalized butterflies. We put 

2- a 



n 



a 



N = n + l = - 
a 



and we write down 



1 



l + Qa 



kn 



— coth — — tanh 



Qy 



1 + 



It is useful to define 



in order to simplify calculations: 



1 , fk7r\ , 
— coth I — 1 coth 



kTV 

t = e 2 



k'irn\ 
kirn 



kTTn\ 1 + r 



coth 



tanh 



4 
kirn 



1 - 

l-t"- 
1 +t" 



Easily we get 



Qy 



1 - 
1 + 



SO 



■-Mr 



1 ( -t+t" I -t-t" „t^^ 



|0) 



(3.19) 
(3.20) 

(3.21) 
(3.22) 

(3.23) 

(3.24) 
(3.25) 
(3.26) 

(3.27) 
(3.28) 

(3.29) 



Note that for n = 1 or alternatevely, a = 1, we find the simple Butterfly,as it must be. 



\Bg{n = l)) =NBe |0) 



jgyii — i^j I — j\ n'^ ' • " \\j I (3.30) 

For our calculation in the next section we will use the diagonal basis used in ||37|] , which 
is the basis of eigenvectors of the operator K\ instead of the usual K\. This allows us, 
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for instance, to write the sliver matrix in a simple two times two matrix form (see |37] for 
details) 



q) (3.31) 



where 



kir 



s{k) = -e~^ (3.32) 
is the Sliver eigenvalue. In the same basis the twist matrix C is 



C=(\ (3.33) 



T = s{k) (I ^\ (3.34) 



and thus T = CS becomes 



1 

In this representation the matrix of the simple Butterfly was written as 



2ch{kTT/2) \1 1 

Rewriting it in terms of (??) 



V^= ^ ^,1 C I 1 (3.35) 



Vs = ^ (3.36) 



thus 



= AAge-^^^^'lO) (3.37) 

which is immediately understood to be twist odd: the matrix elements Vnm with n + m 
even are zero while the odd ones are not, as it must be and according also with the diagonal 
form of such state 

\Bg{n = l)) =J\fBe~^^°^ \0) (3.38) 
4. The General squeezed state form 

In this section we will show that all the string fields and star-algebra projectors we described 
in the previous section, can be written in a general squeezed state form involving a matrix 

u-} 

\Gu) = ^ ^e-i^^'^^-^lO) (4.1) 



^Kawano and Okuyama wrote down the same state with u beeing a number in in particular they 
showed that this state interpolates between the Sliver {u — 0) and the Identity (u = 1). In a certain sense 
we generalize their idea in the "twisted" sector of the star-algebra which is not abelian as the wedges. 
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where 



The interesting point here is that in order to obtain aU relevant squeezed states studied 
in the star algebra, it is enough to choose the matrix [/ in a very simple group of possibilities: 
the null matrix, the identity and powers of the sliver matrix and its twisted version. 

The G-matrix for the "General" state then takes the form 

u+sm 

^ - l + sik)U ^^-^^ 

We will refer to [^] for other equivalent representation of star projectors we will use 
in the following steps. 

4.1 [/ = or the Sliver 



Choosing U = in 4.3 it is immediately to see 



G = s{k)l = T (4.4) 

Since there is a C matrix multiplication between the diagonal oscillator basis and the 
basis of the a oscillators, we will write 

|G[/=o)=A/He-^^''''^'|0) = |H) (4.5) 
which is the Sliver with the correct constant in front of the exponential factor. 

4.2 [/ = 1 or the Identity 



Putting U = 1, we have 



then 



G = l (4.6) 



which has also the correct constant factor. From now on, we will skip such constant 
factor. 

4.3 U = C or the Nothing 

If we take for the matrix U = C, 

G -\-T 

G = J^ = C (4.8) 

and recalling the oscillator representation of the Nothing state 

\Gu=c) = e-"^^''''''\0) = \J^) (4.9) 
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4.4 U = -S or the Butterfly 

Choosing U = —S and using for S the form 



we have 



J) (4.10) 



then 



, + s(k)s(k) , 

1 y ^ ^ ^ ^ V 1 



C- ^(fe) M- ^ r ^'l f412) 

l + s2(A:)Vl ly 2c/i(A:7r/2) Vl 1, 



which is the diagonal Kf representation of the butterfly, as showed in |37]. Thus 

|Gc;=_5) = e-^^^"''^'|0) = |a3) (4.13) 
4.5 U = (-r)^-i or the Wedge state 

Putting U = (— T)^~^ and recalling that T is simply proportional to the identity matrix 
in two dimension 

N^in o\^-^ . .,./i 



G = ^ ^ (4.14) 



1 0\ iv-i/1 



iy+^(^)(-(^)) vo 1 



{-s{k)f-^ + s{k) (I 



which gives 



which is exactly the definition of the Nth wedge state matrix Tjy, recalling that in our 
basis. So, we get 

|G^=(-T)iv-i) = e-^^^'-^'-'lO) = \7n) (4.16) 
4.6 [/ = (-5)2^-1 or the Generalized Butterfly 

It is important to notice that in this formalism, apart the constant s(k), the matrix T 
behaves as an even power of the matrix 5. In this sense, even powers of matrix 5 lead 
to wedge states, odd ones to generalized butterflies as we will see now. Indeed, taking 
U = {—S)^~^ with even, we get 
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Af-1 



with AT even. After a bit of algebra 



which can be rewritten as 

G = [(1 - - s^-Hl - s')C] (4.19) 
Let us separate the twist even and twist odd sectors 

Geven = [(1 - ^'''"') " ^"^"'(1 " ^')] (4-20) 

GoM = [(1 - s'^-') + s^-\l - s')] (4.21) 



in order to write 



with 



s - s^~^ 

Geven ~ (4.23) 

and 

GoM = (4.24) 

In order to compare this with the expected state, we need the diagonal oscillator 
representation of generalized butterflies we derived in the previous section 

\Bg) =MB,e~~^\^=^^ +TT^^° j|0) (4.25) 

Now, wc compare the form for the Generalized Butterfly we found with the General 
state with U = {—S)^^^, N even 



|G^=(_5)iv-i) = e 2 I 1-.^ + 1+.^ J|o) (4.26) 
Recalling — i = s, = n + 1, it is straightforward to see that the even sector of |!Bg) 
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1 - 1 - (-s)^ 1 - 



coincides with Geven and the odd sectors of \'Bg) 



1 + 1 + 

coincides with Godd- 
5. General state from Laguerre states 



(4.28) 



Kawano and Okuyama showed in |2C] that if P„ are projectors and form a complete basis, 
the function 

oo 

P{u)=Y,^^Pn (5.1) 

n=0 

with u real constant, can be written as 

l^(^)) = < ^ rr. ^M/2 ^ |0) (5-2) 
(det (1 + Tn))^/^ 

and has the property 

P{u) * P{v) = P{uv) (5.3) 
under star product, as can be checked using the formula |20| 



g|atcTiat|Q^ ^giatcT2at|Q^ = derl [1 - X(ri + Ta) + XTiTa] e^'^^^^i^'^^ |0) (5.4) 
with 

^ x-x(ri + r2) + TiT2 

12 1 _ x{Ti + T2) + XTiT2 ^ ' 

obtained assumig that C, Ti , T2 and X commute with each other. 

P(U) interpolates between the Sliver (n = 0) and the Identity state {u = 1). Indeed, 

00 

P{u = l) = Y,Pn = \I) (5.6) 

n=0 



In 1 43] was defined an infinite class of star projectors obtained acting on the Sliver 
with a Laguerre polynomial expression of quadratic creation operators. They were called 
"Ancestors" because in the low energy limit give rise to all GMS solitons. In this section 
we will use a modified form of such Ancestors as P„: we will call them "Laguerre" states 



and following |2C] we will define a similar function with a generalization about the constant 



u: we will use a matrix U . We will see that the Laguerre form of such states will lead to 
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the General Squeezed state we saw in the previous section interpolating between Wedges 
and Butterflies. Let us recall the definition and properties of Ancestors 



|A„) = (-KrL„(^)|H) (5.7) 

where 

X = (at^) {a)C'0 (5.8) 

and the two vectors inside ^ = {^n} and C, = {Cn} are chosen to satisfy the conditions 

Pie = 0, P2i = i, and piC = 0, P2C = C, (5.9) 

and 

e-^,c=-i, eY^c=-^ (5.10) 

and K, is an arbitrary real constant. |S) is the sliver. 
Hermiticity requires that 

{aOiaCa = (aCO(aC) (5.11) 

We know that 

|A„) * |A„) = Sn,m\K) (5.12) 

(A„|A^) = (5„,„(Ao|Ao) (5.13) 
Now we define Laguerre states |A„) as 

|A„ = (-k)"L„(|)|H) (5.14) 

where k is chosen to be 

K = Tr{T) (5.15) 

and X is defined 

x = -^(C(l-52))_aU (5.16) 

In the diagonal basis these assumptions, omitting the integral over the continous pa- 
rameter k, become 

K = s{k) (5.17) 

X = -l(l-.2(fc))(et^+ot^) (5.18) 

After this modification respect to Ancestors |A„), we cannot say they are still projectors 
because it is not trivial to check conditions (|5.9|) and ( ^.10|) . In any case, we do not need 
Laguerre states |A„) to be projectors: we use their explicit form. If we define the function 
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G(?7) = ^C/"|A„) (5.19) 

n=0 

using a well-known resummation formula for Laguerre polynomials 

oo 

^z-L„(x) = ^e-S (5.20) 



n=0 



and putting 



-s{k)U (5.21) 



x = -i(l-.2(fc))(et^+ot^) (5.22) 
and recalling the argument of Laguerre polynomial is | , we obtain 

G(U) = ^ ^e^[-^(^-^'«)K+°^')]-^^(^)K+''^')|0) (5.23) 

{det{l + s{k)U))^''^ 

and finally 

G(U) = — r7T.e"2™l' J 10) (5.24) 

{det{l + TU)f'^ 

which coincides with the General Squeezed state \Gu) = G{U). 

Although it is far to be proved that |A„) are still projectors, they seem to behave as a 
basis for surface states. In particular, we notice 

oo 

\G{U = l)) = Y. \ln) = \I) (5.25) 

n=0 

In the next section we will remark that looking at the partial isometry symmetry of 
SFT, also the sum of the |A„ which are certainly projectors behaves in some sense as a 
sort of Identity, perhaps of a star subalgebra. 

6. Pcirtial Isometry symmetry 

Let us recall the general definition of partial isometry. Given a lagrangian invariant under 
a group of unitary transformations on Hilbert space U {H) , then 

(p U(j)U^ (6.1) 

with 

[/[/t = u^u = 1 (6.2) 
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leaves the action invariant and takes solutions of the equation of motion to solutions 
since 



dV fdV\ 



U[—jU^ (6.3) 



But, in order to show that solutions transform into solutions, it is only necessary to 
use U^U = 1, since it is required that fields transform covariantly.Operators U such that 
are called isometries because they preserve metric on Hilbert space: 

{X\^) ^ {X\U^U\^) = {x\^) (6.4) 

If it is also true that UU'^ = 1 then U is unitary. In a finite dimensional Hilbert 
space it is always true but not in a infinite dimensional one. Thus if we find a nonunitary 
isometry it will still map solutions to solutions, but these solutions will not be related by 
the global symmetry (or gauge symmetry if we add gauge fields) of the action. So, you 
will obtain new solutions. A typical example of nonunitary isometry is the shift operator 
5 : |n) — > |n + 1) : 

oo 

5 = ^|n + l)(n| (6.5) 

n=0 

Obviously, 

S^S = 1 (6.6) 

but 

55t = i_ |o)(o| (6.7) 

More generally, C/ = 5" is a nonunitary isometry and 

UU^ = l-Pn (6.8) 

with 

Pn = Y.\k){k\ (6.9) 
fc=0 

Partial isometry can be applied in a solution generating technique in noncommutative 



field theories (see for instance |26| and reference therein): we can start with a trivial 
constant solution (j) = Xil with / the identity operator and A a global miminum for the 
potential and transforming with U = we obtain the new solution 

= S''X^IS^" =Xi{l- Pn) (6.10) 

This solution, for instance, will describe a finite energy excitation above the vacuum. 
A similar structure arise also in VSFT. In fact we can easily construct the correspondents 
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of the operators \n){m\ Q and then of the shift operator. 
Let us first define 

X = aV<e Y = a)C'C 
so that X = XY . The definitions we are looking for are as follows 



lAr, 



I A. 





{-k) Y |§_l), 
{-k) X |§_l), 



n < m 



(6.11) 



(6.12) 



where L^-{z) = ZT=o 
can prove that 



m 
n — k 



n > m (6.13) 
z)^/k\. With the same techniques as in [43| one 



|An,m) * |Ar,s) = Sm,r\^n,s) (6-14) 

for all natural numbers n, m, r, s. It is clear that the previous states | A„) coincide with 



|A„^„). Therefore, following [42|, |26], we can apply to the construction of projectors in the 
VSFT star algebra the solution generating technique, in the same way as in the harmonic 
oscillator Hilbert space TC. We write the analog of the shift operator in VSFT as 



5* — ^ |A„+i,n) 
n=0 

oo 

5'''' = ^ |Am,m+l) 



m=0 



Then follows 



S*S^ = \K+l,n) * \Am,m+l) = Yl 1^") " l^o) 



n,m=0 



n=0 



* S = ^ |A„_„+i) * \Am+l,m) = ^ |An) 
n,m=0 n=0 

which looks like the partial isometry relations 

SS^ = 1-P=1- |0)(0| 
S^S = 1 



(6.15) 
(6.16) 

(6.17) 
(6.18) 



(6.19) 
(6.20) 



and it works among Ancestors as the solution generating technique we recalled |26| 



since 



(6.21) 



Thus, at least among such solutions, the sum of Ancestors takes the role of the identity 
string field. 
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2N -1 



u=i-s) 



BUTTERFLIES 




N-l 



U={-T) 



WEDGES 



U =C 
NOTHING 



U=l 
IDENTITY 



Figure 2: Interpolation between the Nothing state and the Shver and between the Identity and 
the Shver 



7. Conclusions 

Wedge States are surface states interpolating between the Sliver and the Identity string 
field. Butterflies interpolate between Sliver and the "Nothing" state. In this paper we have 
showed a compact way to write the Butterflies in an oscillator form using powers of the 
Sliver S matrix and its twist version T as was done for the Wedges in terms of the matrix 
T. We have also written a squeezed state depending on a matrix U, whose form give rise 
to Butterflies or Wedges depending on the choice of powers of S* or T matrices as U. In 
the literature, the deflnition of Wedges and Butterflies involves, respectevely, an integer 
number and a real parameter < a < 2. The identity is seen as the = 1 wedge 
state, the wedge of zero angle, the Sliver as the oo-wedge, the wedge of inflnite angle. On 
the other hand, the Sliver is also seen as the a — > limit of Butterflies and the Nothing 
is the a = 2 case. To be more precise, in this paper we have studied only the Butterflies 
whose a-paramenter can be written as a = In this view, the interpolating state starts 
from the Nothing [U = C) and growing in the powers of the S matrix {U = (— S")^^"^) 
reachs the Sliver at infinity. Alternatevely, it starts from the twist version of the Nothing 
which is the Identity {U = 1) and growing with powers of twisted version of S matrix 
{U = {—T)^~^) becomes the Sliver at infinity. 

Taking inspiration from star projectors found in fi^ , we defined a class of states |A„, 
that we cannot say at the moment if they are or not projectors and we called Laguerre 
States. Following the idea in ||2^ but using explicit form of Laguerre states instead of 
the fact they are projectors, we gave a formal derivation of such General Squeezed State. 
Posponing the study of such Laguerre states in a subsequent paper, we notice that if they 
would be projectors 



|A„) * \Kra) = 5mn\K) 



(7.1) 



although the derivation of the interpolating state is rather formal since every state of 
the resummation formula is a squeezed state times a matrix, it would be possible to see 
the multiplication rule between wedge states because we would have: 



m * itm) = E ii-Tf-r iAn) * E ii-Tr^T ia™) = E {{-Tr^''~'-r iAn) 

n=0 m=0 n=0 

(7.2) 

thus 

|T^) * |Tm) = ITm+n-i) (7.3) 

In any case, despite Laguerre states are or not star projectors, the same check for 
Butterflies using oscillator formalism is complicated by the fact S matrix does not commute 
with X = CV^^ matrix of the Witten's vertex. 
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